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Thermal Effects on Chaotic Vibrations of Plates

Miige Fermen-Coker* and Glen E. Johnson®
University of Dayton, Dayton, Ohio 45469-0210

In recent years the investigation of dynamical behavior of plates under thermal loads has become important
because of the high temperatures reached on external skin panels of hypersonic vehicles. Other researchers have
indicated that the skin panels may encounter chaotic vibrations about their thermally buckled positions. In this
research the chaotic vibrations of simply supported plates under thermal and sinusoidal excitation is studied to
determine the predictability of the vibratory behavior of a representative class of such skin panels. The boundaries
of regular and chaotic regions of motion are defined in force-temperature and force-frequency planes and the
sensitivity of these boundaries to changes in design parameters is explored for the purpose of developing useful
design criteria. The onset of chaos is predicted through the computation of Lyapunov exponents. The effects
of thermal moment and thermal buckling on chaos are studied. The results of the research are presented as a
contribution to the panel design of hypersonic vehicles.

Nomenclature

a = x dimension of rectangular plate

b =y dimension of rectangular plate

C, =coefficient of damping term in single-mode equation
of motion

C, =coefficient of linear stiffness term in single-mode equation
of motion

C; = coefficient of cubic stiffness term in single-mode equation
of motion

C, =coefficient of forcing function in single-mode equation
of motion

Cs = coefficient of thermal gradient term in single-mode
equation of motion

E = Young’s modulus for plate material

F, = generalized thermal gradient forcing

Fy, = generalized excitation amplitude

h = plate thickness

K. = generalized thermal coefficient for nonuniform
temperature increase

K, = generalizedthermal coefficient for thermal gradient

K, = generalized thermal coefficient for constant
temperature increase

K, = generalizedlinear stiffness

K; = generalized cubic stiffness

p; = generalized mode for x displacement; for single mode,
i=1

q; = generalized mode for y displacement; for single mode,
i=1

r; = generalized mode for z displacement; for single mode,
i=1

Uy =bending component of strain energy

Ui« = internal strain energy

Us = strain energy caused by stretching of midplane

u = x displacement of midplane of plate; function of (x, y, 1)

u; = assumed mode for u displacement

v = y displacement of midplane of plate; function of (x, y, 1)

v; = assumed mode for v displacement

w =z displacement of midplane; function of (x, y, 1)

w; = assumed mode for w displacement

X = direction parallel to edge of plate at midplane
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y  =direction parallel to edge of plate at midplane
perpendicularto x

z = direction normal to midplane of plate perpendicular
tox and y

o = coefficient of thermal expansion

B = generalized thermal buckling parameter

8o = generalized modal deflection used as measure
of forcing level

¢ = damping ratio

0  =temperature field; function of (x, y, z)

0, = constanttemperature at z = +h /2 surface caused by
thermal gradient, which is linear through the thickness
of the plate

6y = constant midplane temperature increase compared to a
reference temperature state

0o = value of 6, that when acting alone causes buckling

v = Poisson’s ratio for plate material

T = nondimensionaltime, ¢ /t,, where ¢, =27 /w,

o  =forcing frequency

w, = lowest natural frequency of simply supported rectangular
plate

Superscript

()7 =derivative with respectto t

Introduction

HE response of dynamical systems with two stable equilibrium

states, such as vibrations of certain buckled structures, is stud-
ied frequently in the emerging field of chaotic dynamics, mainly to
developan intuitive understandingof how chaoticmotionsoccurin a
system. To constitute a model for such problems, Holmes' analyzed
a simple nonlinearoscillatorrepresentedby Duffing’s equation with
negative linear stiffness. Dowell and Pezeshki® extended the work
of Holmes by studying dynamics of a buckled beam. Their objective
was to provide an improved understandingof why the chaotic oscil-
lations occur and to compare their theoretical results with the exper-
imental data providedby Moon.? Along the same researchinterests,
Souza and Mook* studied the postbuckling dynamic response of an
initially imperfect rigid-bar model with a linear rotational spring to
a simple harmonic excitation, which is an important example of the
similar structural systems that exhibit stable postbucklingbehavior
such as columns, beam columns, and plates.

Chaotic oscillations have been observed prior to the aforemen-
tioned studies. Kobayashi® and Dowell,® for example, reported
observing irregular vibrations, in the 1960s. In 1971 Eastep and
Mclntosh’ analyzed nonlinear flutter and response of a thin, elastic,
simply supported plate and studied the stability of small perturba-
tions about limit-cycle oscillation. They noted the nonlinear behav-
ior of the interaction of the buckling and flutter phenomena but did
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notspecifically studyit. In the 1980s, Dowell® consideredthe chaotic
region in his discussion of the classical flutter-bucklingstability di-
agram when he reanalyzed the flutter of a buckled plate. More re-
cently, Galasyn’® reported observing chaotic behavior in vibrating
airframes. Some other recent studies include Refs. 10-13.

In this research the conditions under which simply supported
plates subject to thermal and mechanical loading exhibit chaotic
behaviorare studied to develop a better understandingof the effects
of operating conditions on the vibratory response of skin panels
on vehicles that are subject to high-speed, high-temperature flight
conditions. For the heated-plate problem studied here, the two-well
potential form just discussed corresponds to the case where the uni-
form temperature at the midplate reaches a critical value, so that
the negative thermal stiffness overcomes the linear part of the struc-
tural stiffness of the plate and the coefficient of the linear stiffness
term becomes negative, which correspondsto the thermal buckling
of the plate. The differences between the nature of the effects of
thermal buckling and thermal moment on the vibrations of plates
are investigated. Research in this area promises to explain impor-
tant concepts such as acoustic fatigue, an important fluid-structure
interaction problem, as the skin panels encounterchaotic vibrations
about their thermally buckled positions.'*

Equations of Motion

The equations of motion for the investigation of the large deflec-
tion of elastic plates subject to thermal and mechanical or aerody-
namic loading may be developed in accordance with Ref. 15, em-
ploying an assumed mode method. As discussedin detailin Ref. 16,
the developmentstarts with Hamilton’s extended principle. The lin-
ear stress-strain and strain-displacement relations are substituted
into the strain-energy expression for the system, and von Kdrman’s
largedeflectiontheory and the Kirchhoffhypothesisare employedto
obtain the strain energy of the heated plate in terms of the displace-
ments u, v, and w. The strain energy has stretching and bending
components:

Ui = Us + Up (1

where
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The simply supported boundary conditions are imposed on the sys-
tem. Assuming only a single mode of vibration, the displacements
are expanded as follows:

u = huy(x,y)p(t)
v =hv(x, y)q(t)
w = hw, (x, y)r () 4)

where the modal shape functionsthat satisfy the geometricboundary
conditions are
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Lagrange’s equations of motion are'>: !¢
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Note that, for the single-mode case, i = 1 in Egs. (6-8). Evaluation
of Lagrange’s equations is quite complex and requires extensive
algebraic manipulations because the integrals in the strain-energy
expressionsare carried out analytically,as opposed to the numerical
evaluation of integrals in previous studies.”**'> A symbolic mathe-
matics program, Derive, is used for this purpose. Once this eval-
uation is accomplished, Eqs. (6) and (7) can be expressed in the
following form:
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Equations (9) may be solved for p; and g; in terms of r; and can be
substituted into Lagrange’s third equation, Eq. (8).

For the single-mode case Lagrange’s first equation, Eq. (6),
becomes

dUs  3m*[a*(1 —v) + 2b%]
ap, 2ab

p1=0 (10

which implies that either [a?(1 — v) + 2b?] =0 or p; =0. Because
the former is impossible, the latter, i.e., p; =0, must be true. Simi-
larly, Lagrange’s second equation, Eq. (7), reduces to
dUs _ 3m*[b*(1 —v) + 24°]
a(]l B 2ab

91 =0 11

indicating that ¢, = 0 must be true. Therefore, Lagrange’s first two
equationsdo not have any significance for the single-modecase, and
the third equationis the only equationwe need to consider. Equations
of motion were also obtained consideringfour modes but with much
difficulty because the software’s capabilities were exceeded at times
and hand manipulations were necessary. The resulting four coupled
equations are listed in Ref. 16.

The thermal loading assumed includes a uniform temperature in-
crease at the midplate, a parabolic temperature variation over the
plate, and also a temperature gradient across the thickness of the
plate to study the effects of global and local expansions that in-
duce thermal buckling and the effects of thermal moments,
respectively:

6(x,y,2) =60+ 16(x/a)(1 = x/a)(y/b)(1 =y /b)6. + (22/ )6,
12)

Once damping and sinusoidal external excitation are added to the
system, Lagrange’s equations of motion may be reduced as de-
scribed in Ref. 16 to the single-mode equation of motion in nondi-
mensional form:

¥ 4 Cir} + Cyry + Car? = Cysin(Q7) + Cs (13)

where
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Note that the effects of both the uniform temperature term and
the parabolic temperature variationterm are incorporatedin a single
parameter 8,. When g, > 1, the linear stiffness term becomes neg-
ative, and this corresponds to buckling temperatures for the plate.
The single-mode equation of motion, Eq. (13) just presented, is in
the form of the well-known Duffing equation, which may be solved
numericallyto study the response of the system, using a simple com-
puter code utilizing a fourth order Runge-Kutta integration scheme
once the design variables are specified.

Numerical Approach

In this research, chaos is detected through the computation of
Lyapunov exponents.Generally speaking, Lyapunovexponentspro-
vide a measure of the sensitivedependenceof dynamical systems on
initial conditions, which is one of the mostimportant characteristics
of chaotic behavior. The computation of Lyapunov exponents from
agiven set of differentialequationsis discussedin several books and
papers such as Refs. 17-21, and it is demonstrated to be an effec-
tive tool to characterize chaotic motions by many researchers. One
such study is performed by Pezeshki and Dowell,?> who calculated
the exponents for one-, two-, and four-mode modal projections of
the partial differential equation governing the motion of a magneti-
cally buckled beam. They successfully compared their numerically
generated computations based on a technique presented in Ref. 18,
which will also be employed here, to the exponents calculated from
an experimental time history.

The single-mode, heated-plateequation (13) may easily be trans-
formed into a set of three autonomous first order differential equa-
tions. Hence, the complete Lyapunov spectrum for this system
consists of three Lyapunov exponents. Only the largest Lyapunov
exponent needs to be computed for the purposes of this study, and
this is done by employing a standard procedure discussed in refer-
ences such as.!”"2! If the largest Lyapunov exponent is negative, it
corresponds to a limit-cycle motion; if it is zero, it corresponds to
two-torus; and if it is positive, it indicates a strange attractor, which,
in turn, implies chaos.'7~2!

Note that the coefficients of the single-mode plate model given
by Eq. (13) are not as well scaled as the coefficients of most Duffing
equations previously studied in the literature. This difference seems
to introduce some difficulties that require additional consideration
regarding the practical computation of the Lyapunov exponents for
the system. The convergencerate, in addition to being much slower
in our case, is observed to be more sensitive to the choice of numer-
ical scheme and the integration time step as well. When the largest
Lyapunov exponent is calculated for a well-scaled set of coeffi-
cients that results in periodic motion, a fourth-order Runge-Kutta
scheme and a higher-order method developed by Butcher, which is
discussedin Refs. 23 and 24, are observedto produceidentical solu-
tion curves. For a well-scaled set of coefficients again that produces
chaotic motion, the solution curves obtained by using these two
methods are found to be slightly different yet decidedly converging
to a positive value as expected. On the other hand, when realistic
values are specified as heated-plateproblem parameters and are sub-
stituted into Eq. (13), the differences in the paths to the solution,
obtained using various numerical integration schemes, may prove
to be crucial, especiallyif a sufficient amount of time is not allowed
for convergence. For the sake of comparison, the largest Lyapunov
exponentestimates are obtained by employing three different meth-
ods. Because of the differences observed between the fourth-order

Runge-Kutta solutions and the Butcher’s method solutions, an In-
ternational Mathematical and Statistical Libraries (IMSL) routine
that utilizes a fifth- and sixth-order Runge-Kutta method is also
used for verification. The differences in paths to the solution are
observedto be misleading on occasion, even when the motion is not
chaotic, as opposed to the case of well-scaled coefficients. Based
on an extensive amount of numerical experiments, the utilization
of Butcher’s method is observed to result in a much better conver-
gence rate and to give more reliable results compared to the other
two methodsin terms of providinga good comparison with the phase
planes generated. Hence, Butcher’s method is adapted to perform
all of the Lyapunov exponent computations during the course of
this study. Phase planes are generated using a standard fourth-order
Runge-Kutta scheme for several points picked randomly to verify
the Lyapunov exponent estimates.

A convergencecriterion, based on various numerical experiments
with our specific system, is developed, tested, and incorporatedinto
the computer code that is used to compute the largest Lyapunov ex-
ponents, so that the procedure is automated. The main ideais to take
averages of the oscillating values of the exponent estimates at reg-
ular intervals once the transients are discarded and to compare the
resultingaverage value to the value already obtained each time, until
the difference is smaller than a preset tolerance value. Hence, con-
vergence of each exponentis checked automatically without having
to examine the exponent estimates for each set of design variables
studied.

The computational work presented here has been performed on
Ohio Supercomputer Center’s Cray Y-MPSE machine. Machine de-
pendency was tested by running some of the cases on the Center’s
SGI Power Challenge System, using assisted parallelism. Effects of
computational precision, i.e., 128-bit precision as opposed to 64-
bit precision, and effects of different optimization levels were also
investigated. The differencesin results were insignificant, the com-
parison was generally good, and 64-bit precision is proven to be
appropriate and sufficient for the purposes of this study. However,
there seem to be certain regions in the design space where the mo-
tion is extremely sensitive to the slightest changes in parameters.
For these values of the parameters, the machine round-off errors
might lead to some inconsistencies between the results. For exam-
ple, the machine representation of the number 1.67 when the loop
is started with a smaller number and incremented to 1.67 might be
1.669999...5, and the machine representation of the number 1.67
when the loop is directly started with 1.67 might be 1.670000...2.
In some cases even changes this small and seemingly insignificant
may result in drastic changes in the predicted system behavior, and
the system may behave chaotically for one case and periodically
for the other. Therefore, one must take caution and be aware of this
possibility when evaluating the results.

Thermal Buckling
Analytical Results
The modal potential energy of the systemrepresentedby Eq. (13)
is
Uy = 1Cyr{ + 3Corf = Csry (15)

which is obtained by realizing that the sum of all of the terms other
than damping, excitation, and acceleration must be equal to the
derivative of the potential energy with respect to the generalized
mode for z displacement so that Lagrange’s equation is satisfied.
For simplicity, let us set Cs =0 for the time being, i.e., there is no
differencebetween the temperatures of the upper and lower surfaces
of the plate (6, = 0). By setting the derivativeof the potentialenergy
expression with respect to r; to zero and substituting the original
expressions stated in Eq. (14) for the coefficients, we obtain the
equilibrium points as

2V2/a? ¥ b2, /4a2bra (1 + v)[n4(900 +46,) — 36@] — 37m%h2(a? + b?)

r =0, ro==

3m3|h|v9a* + 2a2b? + 9b*

16)
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The critical value of uniform temperature increment after which
linear stiffness becomes negative is the same value after which the
termin the precedingsquareroot becomes positive,and thereforethe
second and the third equilibrium points become real, constructing
the twin-well potential form. In terms of the plate material and
geometrical properties, this value is simply

m2h*(a® + b?) 1 1
R T (17)
12a2b%a(l + v) T

The coefficient of 9, is roughly —0.4. For values of 6, greater than
whatis given by the precedingexpression, the first equilibrium point
atr; = 01is an unstable equilibriumpoint, and the other two pointsin
Eq. (16) are stable equilibrium points. As the amplitude of the forc-
ing function is increased infinitesimally, the unstable equilibrium
pointevolvesinto an unstable saddle, and the two stable equilibrium
points become stable period one attractors. When the amplitude is
increased further, it is possible that either symmetric single-well
attractors or cross-well attractors® occur.

At this point, we could make a couple of simple but important ob-
servations about the dependency of buckling temperatures on plate
dimensions and material properties, just by examining Eq. (17).
For materials with higher thermal expansion coefficient « or higher
Poisson’s ratio v, less uniform temperature increase is needed for
thermal buckling to occur. Young’s modulus does not have any ef-
fect on this critical value; the thicker the plate, the later the buckling
will occur as the temperatureis increased. The closer the plate shape
is to a square, the higher the temperatures that are needed to buckle
the plate. For square plates, the bigger the dimensions of the plate
are, the lower the critical uniform temperatureis at the midplate that
would buckle the plate.

Consideran aluminum plate of dimensionsa = 12 in. (30.48 cm),
b=50 in. (127 cm), and 2 =0.2 in. (0.508 cm). Let the damp-
ing coefficient be ¢ =0.01. These values are substituted into Eq.
(16), and 6, is set equal to zero because the effect of both 6,
and 6, are essentially the same. There are three possibilities: 1)
0o > 13.94°F (6, > 7.74 K), and there are three equilibrium points,
which gives us the twin-well potential form; 2) 8y = 0y, = 13.94°F
(6p=0p; =7.74 K compared to a reference temperature state),
which is the critical thermal buckling uniform temperature incre-
ment when 6, and 6, are set to zero, and the only equilibrium point
is at r; = 0 in this case; and 3) 6, < 13.94°F (6y < 7.74 K), and the
only real root is at r; = 0. These results are demonstrated in Fig. 1,
where the potential energy is shown as a function of 6, and r,. It is
clear how the potential energy transforms from single well to dou-
ble well, making chaos possible. However, this outcome does not
mean that after this critical value is reached that the dynamics of the
system is mostly chaotic, as will be demonstrated later in the next
section through the Lyapunov exponent computations.

Bocr

Numerical Results
We calculated the value of 8, that would cause thermal bucklingto
be 13.94°F (7.74 K), when the plate parameters are specified as just

x 10*

25 |

2

5

10 5/9

' 2 15 * (519
! 4 20 6o (K)

Fig. 1 Transition of potential energy from single-well to double-well
as 6 is increased.

stated. We may now employ the approachdiscussedin the Numerical
Approach section of this paper and calculate the Lyapunov expo-
nents for this plate. As discussed earlier, previous research in this
area indicates that the sign of the coefficient of the linear stiffness
term and the amplitude of the forcing function play crucial roles
on the onset of chaos. Therefore, this will constitute our starting
point. The dimensions, material properties,and damping are already
fixed. Let us fix the frequency of external sinusoidal excitation at
half the natural frequency and investigate the isolated combined ef-
fect of the excitation amplitude and uniform thermal loads at the
midplate together. First, Fy is varied between 10 and 1500 Ib/in.
in increments of 10 (between 1.13 and 169.48 Nm in increments
of 1.13), and 6, is varied between 0 and 50°F in increments of 1
(between 0 and 27.78 K in increments of 0.56). The resulting curi-
ous pattern that exhibits the delicate nature of parametric sensitivity
is displayed in Fig. 2. The blue tones represent the negative val-
ues of the largest Lyapunov exponent for each point and therefore
define the regions of nonchaotic motion. The positive exponents,
or the chaotic regions of motion, are represented with yellow and
red tones. The white regions correspond to the points for which the
calculated largest exponent is nearly zero.

Phase portraits were generated to verify the results of the
Lyapunov exponent computations displayed in Fig. 2. Even though
the comparison was not favorable for some points corresponding
to high-excitation amplitudes, the 8, range between 0 and 27.78
K and F; range between 1.13 and 22.6 Nm was relatively trou-
ble free because our convergence criterion was satisfied at all of
the data points; smaller step sizes were not needed during inte-
gration, and phase planes generated agreed with the results of the
Lyapunov exponentcomputation. Therefore, we zoominto a smaller
region and vary Fj between0.11 and 11.3 Nm in incrementsof 0.11
and 6, between 0 and 27.78 K in increments of 0.56. The result is
shown in Fig. 3, representing51 x 100 largest Lyapunovexponents.
Notice that there is a highly chaotic region of motion around
6o =48°F (6, =26.67 K) for very small amplitudes of excitation.
There are a few points in Fig. 3, where the convergence criterionis
not satisfied because the step sizes are now refined. The majority of
these points are located around chaotic regions of motion, as one
might expect, and the values of the calculated largest exponents are
relatively close to zero.

If we zoom once again into a smaller region where Fy is now
varied between 0.5 and 3.5 1b/in. by 0.1 (between 0.0565 and 0.395
Nm by 0.011), and 6, is varied between 13 and 18°F (between 7.22
and 10 K), as shown in Fig. 4, we magnify a small chaotic region
that represents the first onset of chaos for this specific aluminum
plate with the given dimensions. The results are verified through
examining the phase portraits. We should note that smaller time
steps were not needed for any of the points in this region. However,
there are some points around the boundaries of the chaotic region
where the convergence criterion is not satisfied.

The sharp edge on the left side of the chaotic region shown in
Fig. 4 simply means that for F; between 1.5 and 3 Ib/in. (between
0.17 and 0.34 Nm) the critical temperature for the onset of chaos
is constant at approximately 14.4°F (8 K). We observe the same
curiouspatternof sharpleftedges of chaoticregionsin Figs. 3 and 4.

The critical thermal buckling uniform temperature increment at
the midplate was previously obtained for the plate we are studying
tobe 13.94°F (7.74 K). Figures 2-4 indicate that chaos occurs some
time after this value is reached for relatively lower values of Fj, as
expected. For example, for Fig. 4 there seems to be a very definite
critical value for chaos at 14.4°F (8 K) for most of the amplitudes
within this range. For each value of F{, one may extract the corre-
sponding critical values of 6, after which chaos is possible, or vice
versa, by writing a simple computer code.

Note that an interesting transformation takes place as the ampli-
tude of the external excitationreaches somewhere between 110 and
120 1b/in. (between 12.43 and 13.56 Nm). After this critical value
of Fy, the values of 6., become less than the already determined
analytical value of 13.94°F (7.74 K), indicating single-well chaos.

Even though globally we observe that lower temperatures are
needed for chaos to occur as the amplitude gets higher, we cannot
make a generalization because there is no direct proportionality by
any means and locally the expectations could be quite different.
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Fig. 2 Largest Lyapunov exponent depicted in color as a function of
6y and F, for 6, =0.
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Fig.3 Largest Lyapunov exponent depicted in color as a function of
6y and F, for 6, =0.
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Fig.4 Largest Lyapunov exponent depicted in color as a function of
6y and F for 6, = 0.

For example, for Fj equal to 1030 Ib/in. (116.37 Nm), the critical
value of 6, for chaos is 6°F (3.33 K), but for F; equal to 1040
Ib/in. (117.5 Nm), the critical value of 6, for chaos is 32°F (17.78
K). Therefore, unless one has portraits of chaos as shown here, it is
impossibleto guessa critical 6 correspondingto a certain amplitude
of excitation. As indicated by these results, at F, around 1500 Ib/in.
(169.48 Nm) no temperatureincrease is needed at all for the motion
to be chaotic for the simply supported plate considered here.
These results indicate that one may determine certain intervals of
the amplitude of excitationfor which a critical midplate temperature

for chaos is constant. Most importantly, one can also determine
acceptable ranges of excitation amplitude for which chaos is very
much delayed or maybe does not exist at all within the operating
temperatures, as in the case of Fj between 10 and 17 Ib/in. (1.13
and 1.92 Nm), for example.

Note that the equation of motion, Eq. (13), is set up so that per-
forming a similaranalysisfor the case of a plate with ahotcenterand
relatively cooler sides, i.e., a parabolic temperature increase profile
over the midsurface, is also possible. The effect of such a tempera-
ture distributionis expected to have the same fundamental effect as
that of the uniform temperature increase. The hotter temperatures
at the midplate are expected to simply shift the results obtained to
the left, i.e., to lower temperatures. Therefore, the computationsre-
lated to the parabolic temperature increase profile are not performed
separately.

Thermal Moment
Analytical Results

A temperaturedifferenceis imposed between the upper and lower
surfaces of the plate to investigate how the onset of chaos and the
boundaries of the chaotic regions of motion are effected by this
newly introduced thermal gradient across the thickness. Because
the problemis symmetrical with respect to the middle surface of the
plate, only the case of higher upper-surface temperatures than the
lower-surface temperatures is considered, so that the plate is forced
to bend concave up.

The critical temperature increase for chaos to occur is observed
to be at 14.4°F (8 K) for the specific range of excitation amplitudes
shown in Fig. 4, provided that the plate dimensions and material
properties are as already stated. For temperatures slightly higher
than this temperature, the motion is chaotic in a postbuckling state.
0o = 15°F (8.33 K) is picked within this chaotic region, and the
effect of increasing the thermal gradient across the plate’s thickness
is investigated.

The potential energy of the system is analyzed by cutting a slice
of the potential energy function displayed in Fig. 1 at 6, = 15°F
(8.33 K), converting it to a two-dimensional form to observe the
effect of increased thermal gradient better. The solid line consti-
tuting the double-well potential form shown in Fig. 5 displays the
case where the thermal gradientis zero. The dashed and dotted lines
demonstratehow the two-well form gradually transformsitselfto fa-
vor a single-well form as the upper surface temperature is increased
relative to the midsurface and lower-surface temperature. As the
upper surface of the plate gets hotter compared to the lower sur-
face of the plate the propensity of the plate to deform concave up is
increased, which reduces the unpredictabilityof the state of bifurca-
tion when the critical thermal buckling temperatureis reached at the
midsurface. This, in turn, reduces the possibility for chaos to occur.

The critical value of 6, after which one of the wells disappears
can be found by setting the derivative of U,, presentedin Eq. (15)
to zero. The resulting equation is a cubic equation, the solution of
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Fig.5 Thermalgradienteffect: ry vs Uy, for various values of 6,, where
6y =8.33K.
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which leads us to Eq. (18):

, Var (@ + b2)\/[12aa2b200(1 +v) — 12h2(a2 + b))
o 72a2b2|ah(1 + v)|v/9a* + 2a2b% + 9b*

(18)
Substituting the geometrical and material properties of the plate, as
already stated, into this expression,and also setting 6, = 15°F (8.33
K) as in our current example of Fig. 5, the critical upper-surface
temperature increase is obtained to be 0.24°F (0.133 K). That is, a
temperature difference of approximatelyhalf a degree Fahrenheitis
needed between the upper and lower surfaces when the midsurface
temperature is increased by 15°F (8.33 K), in order to eliminate the
two-well potential form. We realize of course that this analysis is
independent of the amplitude of the forcing function. The overall
response of the system depends highly on the excitation amplitude
as well as the thermal loads and the potential energy of the system.

Numerical Results

Let us now confirm our results by examining the motion in the re-
gion shown by Fig. 4 with the addition of a temperature differential
across the thickness. This will also bring some insightinto the com-
bined effect of thermal gradient and external excitation amplitudes.
We set 6, =0.5°F (0.28 K) and recalculate the Lyapunov exponents
in the region of Fig. 4. The result is shown in Fig. 6. The regions
are considerably smaller, and for most amplitudes chaos is delayed
significantly. Although unlikely to be achieved, 6, = 1°F (0.56 K)
is forced this time, and this particular chaotic region in question
is almost completely eliminated, as shown in Fig. 7. Note that the
values of the Lyapunov exponents are significantly smaller in Fig. 7
than in Figs. 5 and 6.

A comparison between the critical lines of uniform temperature
increase at the midplate for chaos to occur, for the zero gradientcase
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Fig. 6 Largest Lyapunov exponent depicted in color as a function of
6y and F for 6, =0.28 K.
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Fig.7 Largest Lyapunov exponent depicted in color as a function of
6y and F for 6, =0.56 K.
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Fig. 8 Critical values of 6 vs F for 8, =0 and 6, =0.28 K.

Fig. 9 Largest Lyapunov exponent depicted in color as a function of
6y and F for 6, =0.28 K.

of Fig. 4, and the 6, = 0.5°F (0.28 K) case of Fig. 6 is provided by
Fig. 8. The critical values corresponding to the increased gradient
case are clearly higher than the zero gradient case. Also, note that
the vertical left edge of the critical 6, values shown next is delayed
not by a constantfactor to the rightbut rather eliminated completely.
The region got smaller, and the shape changed.

The next logical step is to investigate how the amplitude of the
forcing functioneffectsthe motion of the system, underthe influence
of thermal gradient, in addition to the temperature increase at the
midplate. A larger region, which was presented in Fig. 3, originally
was reexamined because it contains much larger amplitudes, and the
largest Lyapunov exponents are calculated one more time for this
region by setting 6, =0.5°F (0.28 K). The result is shown in Fig. 9.
The tiny region at the bottom of Fig. 9, which we had magnified
to obtain Fig. 4 before, has disappeared, as our preceding results
indicate. The biggerregionat the rightlower cornerof the figureis no
longer chaotic. The step sizes need to be refined to make conclusions
that are more accurate. However, it is safe to conclude that, as the
amplitude of the external excitation is increased, the influence of
increased thermal gradient across the thickness becomes less and
less significant. This makes sense physically because the thermal
gradient increases the tendency of the plate to buckle in a certain
direction as long as the amplitude of the excitation is not strong
enough to compensate for this inclination. For smaller amplitudes,
however, the effect of thermal gradient could be quite significant in
terms of delaying or eliminating chaos.

Conclusions

The single-mode equation of motion suitable for the investigation
oflarge deflection of elastic plates subjectto mechanicaland thermal
loads is developed and presented so that the conditionsunder which
plates, modeling skin panels on hypersonic, transatmospheric ve-
hicles, exhibit chaotic behavior may be studied. The equations are
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simplified by imposing simply supported boundary conditions and
a sinusoidal external excitation. Thermal loads are assumed to in-
clude a uniform temperature increase at the midplate, a parabolic
temperature variation over the plate, and also a temperature gradi-
ent across the thickness of the plate to study the effects of global
and local expansionsthat induce thermal buckling and the effects of
thermal moments, respectively. The single-mode equation obtained
is employed to gain some preliminaryinsightinto understandingthe
effects of changes in mechanical and thermal loading conditions on
the chaotic behavior of the system.

The response of the system to uniform heating is considered.
The critical value of the midplate temperature compared to a refer-
ence state, after which the linear stiffness term in the single-mode
equation that is of Duffing form becomes negative, is obtained an-
alytically in terms of the material and geometric properties of the
plate, so that the two-well potential criterion may be applied. The
largest Lyapunov exponent is calculated as the midplate tempera-
ture is varied as well as the forcing amplitude, and the results are
displayed in force-temperature planes that display the combined
effect of these two parameters on the chaotic response of the sys-
tem. The first onset of chaos is detected in the force-temperature
plane by specifying the material and geometric properties of the
plate and is shown to cover a very narrow margin of amplitudes
and temperatures. The qualitative pictures of the force-temperature
planes indicate that the critical temperature for the onset of chaos
is constant for certain ranges of amplitudes, sporadically. For the
specified plate parameters the critical temperature for the onset of
chaosis observed to be higher than the analytically determined crit-
ical buckling temperature, especially when the forcing amplitudes
are relatively low. The critical temperatures for chaos are perceived
to be inversely proportional to the excitation amplitudes, with the
exception of chaos-free amplitudes.

For the whole range of midplate temperatures studied here, there
exists an excitation amplitude for which the motion is chaotic and
after which chaosis possible. However, there also exist a large num-
ber of chaos-freeregions in the force-temperatureplanes generated.
A critical value of excitation amplitude, after which chaos occurs
prior to the analytically determined critical buckling temperature,
is observed.

A linear temperature differential is introduced between the up-
per and lower surfaces of the panel to investigate the dynamical
behavior of the system when a thermal moment is involved. An
analytical expressionfor the critical value of the upper-surfacetem-
peratureis obtainedin terms of material and geometric properties of
the plate. We demonstrated that the two-well potential form grad-
ually transforms itself to favor a single-well form as the thermal
moment is increased. This result is verified through the compu-
tation of Lyapunov exponents and is clearly demonstrated in the
force-temperature planes generated throughout this research. The
already detected chaotic regions are shown to get smaller in size,
and chaos is delayed, or completely eliminated in some cases, as the
thermal gradientis increased. However, this thermal moment effect
is reduced gradually as the amplitude of excitation is increased.
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